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furnish a second case of B, which is impossible. For instance, when it has 
been proved that the bisector of an angle of a triangle cuts the base in the 
ratio of the adjacent sides, the "opposite" and converse follow at once, be- 
cause there is but one point in which a line can be cut in a given ratio. 
Now Euclids assumption was the uniqueness of the notion B; that is, 
"through a given point but one line can be drawn parallel to (i. e. so as not 
to meet) a given line." The demonstration in Crelle of this proposition is 
a direct demonstration of II above, I being supposed previously establish- 
ed; it is substantially as follows: — 

Let AB and CD be line 
making equal angles with the 
secant AE, so that AB and CL 
cannot meet, and let AF be any I 
other line in the plane passing 
through A; then AF and CD 
will meet on that side of AE, 
on which the interior angles are | 
less than two right angles. 

From A draw a series of lines I 
cutting off from FAE successive | 
angles equal BAF, until we come to a line AK falling on the other side of 
AE, and let BAK contain n angles equal to BAF. Then, as the succes- 
sive angles may be shown equal by coincidence, the space BAK (the lines 
being produced indefinitely) is n times the space BAF. Also draw a series 
of lines making the same angles with AE that AB makes, and cutting off 
from AE successive distances equal to A C, and let AM contain n distances 
equal to AC. Then the spaces BACD, DCHL, &c. may be shown equal 
by coincidence, therefore the space BAMN equals n times the space BA- 
CD. Now the space BAK is greater than the space BAMN therefore the 
space BAF is greater than BACD. Now if AF did. not meet CD the 
space J5 A F would be less than the space BACD. Hence AF will if suf- 
ficiently produced meet CD. 




PERFECT CUBES. 
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The object of this article is to resolve the general cubic polynomial 
ax 3 + bx 2 + ex + d, into special forms that may be rendered perfect cubes 
for particular values of x. 
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Put arf + bx 2 + ex + d = {px + q)*, 

then (a — p*)x s + (o — 3p 2 o> 2 + (c — 3pq*)x + d — g 3 = 0. 

Svp. 1st. Put q* = d = df, or q = d 1} 

then ax 3 + bx> -\- ex -^ d\ — {px + d^; (A) 

and (o — p*y + (b — Sp'djx + c — Zpd\ = (X) 

Sup. 2nd. Put p z = a = a\, or p — a x , 

then afa 8 + bx 2 + ex -\- d = (a x x + qf; (JB) 

and (6 — 3a?o> 2 + (c — 3a l9 > + d — J 3 = (7) 

Sup. 3rd. Put 3p 2 g = b, or 3p 2 g? = 36?, or p — b 1 -f- g t , 

then aa; 3 + 36f* 2 + ex + d = (h x + g|\ 3 . (0) 

and (a — ^|)a; s + (c — Sbtfflx + d — gf = (Z) 

\ q x l 

Sup. 4th. Put 3pg 2 = e, or 3pf <f = 3c? , or g = c x -=- _p 1} 
than ax 3 + bx? + %c\x + d = ^ + .pjfaA 3 ; (D) 

and (a — pf)^ + (6 — 3p 3 c> 2 + d — c| -*-pf = (W) 

I. Resuming equations X and JL : 

1st. Put 3pd\ = c, or p = c -4- 3o!|, in (X) and reduce, then 

- = w^- - ■*** + - + *> = F-iyn * 

Cor. Put 2c 3 d — 9od 4 c + 27ocP = 0, or 6 = (2c 3 + 21 ad 6 ) + 9ca?, in 
(J.') and reduce, then 

3c 3 d 3 — 81ao? , , . 2c 3 + 27ao? 2 , , . n , A 

* = -TTs — 55 1— renders aar + ^— = or + ex + d 3 = 0. . .(a/) 

27accf — c 4 9ca 3 

2nd. Put p 3 = a = a 3 , or p = a t in (X), and reduce, then 

_ gaidf — c , 33 , , , , , , g _ / bd r — c \ 3 

* - 6^3oIpr' and ° lX +bX + <*- + d i ~ iftZr^f^J ' 

•'' x = s=5s renders aV + w + cx + d * = (5=533)*- • • • ( ^" ) 

Cor. Put 6o3 — c = 0, or c = M, in {A"), and reduce, then 

x = 3 7 fflC?! ~ 6 f renders a 3 a; 3 + bx 2 + bdx + d 3 = 0. ... (a") 
b — Sard 



x 
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3rd. Put 3p 2 cZ 1 = b, or Zf = 36? -h d\, or p = b 1 -f- d 2 , in (.X) and 
reduce, then 

*-^if3F = m^w \J sb > di -^^ - t ' ) l ; 

whence x = d 2 i/^(Sb j df — od 2 ) (adf — 6f )] -=- (adf — b\ ). 

Put 36^1 — od 2 = n 2 (ac/3 — 6f ), or o = {2h x d\ — n?{adl — &?)] -=- a* 2 , 
then a- = nd 2 , and a* 3 -f 36f» 2 + [S&^f — n 2 (ad| — &?)]# -J- a" 2 4- d\ 

= (b 1 n + dl)«. 
.-. x =±nd renders aa; 5 +36 2 a; 2 + [36d 4 — w 2 (ad 3 — 6 3 )> + d + d 6 

= (6«,+cP) 3 {A'") 

Cor. Put 6n + d 2 = 0, or n = — d 2 -f- 6, in (-4'") and reduce, then 
x = — d 3 -5- 6 renders aa; 3 +36V + (4i 3 d 4 — ad>^- 6 2 cZ-f^ = 0. . . (a'") 

II. Resuming equations ( F) and (£) : 

1st. Put j 3 = d — d^, or a — d 1; in (F) and reduce, then 

_ goidj — c , 3, , ,. „ _ I bd^ — fflj oN 3 

* _ 6 - 3a?cZ7' End ^ + te + <* + d i - U-3oKJ ' 

• ■ ■ • = &J renders a3 * 3 + ** 2 + GX + d * = i-i^Sd) 3 ■ w 

Cor. Put bd = ac, or c = bd -s- a, in (5') and reduce, then 

a; = — = -— j-, renders a 3 * 3 + 6a 2 + — # 4- d 3 = (6') 

ao — 3a 6 d a ' 

2nd. Put 3a\q = b, or q — b -5- 3a?, in (F) and reduce, then 
» = Jj'- 27 gg g> and « 3 ,3 + 6, 2 fM + J B (^T 26 ' ~ 2 W 3 . 

... „ = *V=*™ renders a 3 ^ +to 2 +c^+d=(^^!=^) 3 
27a 6 c— 9a 3 6 2 ■ -r ■ ^ ^^ _ ^^ j 

.... (£") 
Cor. Put 9a 3 6c — 26 3 — 27a 6 d = 0, or d = (9a 3 6o— 26 3 ) -~- 21 of, in 
(B") and reduce, then 

x = -— ; ^ „,„ renders a 3 rc 3 4- bx 2 4- ex + — ^ = 0. . . (b") 

9a 6 o — 3a 3 6 2 t ~r -r ^^ \u ; 

3rd. Put Za x q 2 — o, or Za\q 2 = 3of, or q = c x -fr- a 2 , in (F) and re- 
duce, then 

3,2 = a4^k = 08(0,6 - 8o^e 1 )' [ (fl! --^ <9(o » ft - 8a * ')] ; 

wheDCe X =-^^b^3a^r)^\j CBl ~ ald){a * b ~ 3 ^ Cl) ]- 
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Put cf — a\d = n 2 (a 2 b — 2,a^c x ), or d = [cf — n 2 (a 2 b — 3a|c 1 )] -f- o|, 

then * = -^ and g's' +^+3cf s + gfz^K^Mj ) = /^W^lV. 
a 2 a§ \ « / 

.-. a = 5 renders ote» + ^+3«fe + ^^MzJ^g) = (^±.°) 8 .(JB'") 
a a 6 \ a I 

Cor. Put a 2 n -\- c = 0, or n = — c -r- a 2 , in (.B'") and reduce, then 

» = — -1 renders <z 6 a; 3 + 6a; 2 + 3ca; + c? ~ abo 7 + 3fflV = 0. . . (6'") 
a 3 a 7 

III. Resuming equations (Z) and (C): 

1st. Put 6f = aq\ s= a\q\, or g , 1 = b x -s- a 1} in (Z) and reduce, then 

* = — L — ^ V, a ar, d of* + 36 far + ca; + d = 1 \ „ „ ■ . . * 

6 6 — a s d j , o . 72 2 I I? /a s 6c — 26 6 — a 6 rf\ 3 /r , A 

.\;e=_ — __ renders a 3 x 3 -\-3b i x'-fcx+d=[ - -~-^- — ..(C) 

a 6 c— 3a 3 6 4 V a 5 c— Sa^ 4 / v y 

Cor. Put a 3 6c — 26 6 — a 6 c? = 0, or d = (a 3 6c— 26°) h- a 6 , in (C) and 

reduce, then 

« = f~f b ° renders a 3 a,- 3 + 36V + ex + ^L=L^ = 0. . . (c') 
a 6 c — 3a 3 6 4 a 6 

2nd. Putting q 1 = a" = df , or g^ = o! 1 , in (Z) and (C) produces (-4.'") 
and hence will be omitted. 

3rd. Put 36!gf = c, or Zb%q\ = 3cf , or q x = c x -5- 6 3 , in (Z) and re- 
duce, then 

* _ ablcs-bl* ~ 6|(oo5 - 6 2 2 ) 3 |_ l * 2 ^ ' 2 j J ' 

Put cf — 6|d = w 3 (acf — 6| 2 ), or d = [cf — n 3 (ac? — 6| 2 )]-h6;>; then 

e-,n j , , OT.R j i o I i c ? — n B (ac 3 — 6i 2 ) /6fn-f-c 2 \ s 
x = -L, and aa; 3 +36|a; 5 +3c|a;+ J ^1 8_' = ^ 2 ^ J . 

.-.«=* renders aa; 3 +36^+3^ + c 6 -^ 3 -* 12 ) = (*»££) 3 . 

(CO 

Cor. Put 6 4 n+c 2 = 0, or n = — c 2 -=- b 4 , in (O") and reduce, then 

x = — c 3 ^-66 renders aa; 3 + 36V + 3c 3 a; + ac 9 •+• 6 18 = {a") 

IV. Eesuming eqiaations ( W) and ( D) : 

1st. Put d = c 3 -r-pf., or_p 3 d| = c 3 , or jjj = Cj -^d^ in (F) and 
reduce, then 
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ad? — cf 1 1 \ a d\ — cf / 

... «=?2^=*Ji renders ax*+bx>+3cx + d 3 = (ggjg+g*)'. 

.... (D') 
Cor. Put 2c 6 o" — 6c 2 # + ad 7 = 0, or 6 = (2c 6 d + ad 7 ) -r- e 2 a" 4 , in (D') 
and reduce, then 

x = 5«L=«* renders «> + *** + «* rf + 3A, + d» = 0. . . (<*') 
2nd. Put#>f = a — a{ , or p 1 = a 1} in (W) and reduce, then 

afo — Zale-y (afo — Zaf o x f [_ 1 l /v 1 * ^J' 

whence , = ^Zg^-J [( c ? ~ «**) <«1* ~ 3 «? c i)] ■ 

Put of — a\d = n\a*b — 3af Cl ), or d — [of — n 2 (af ° — 3af o x )]-s-af , 

a\ \ a x I 

.-. a^rendersaVW+Sc 2 ^ C - ny& - 3a»oj = fa'n+oX^ 

a 3 \ a / 

P'O 

Cor. Put a s n + c — 0, or «. = — c -s- a 3 , in (D") and reduce, then 
a; = — c — a 3 renders a 6 x z + bx 2 -\- 3c 2 x + (4a 3 c 3 — 6c 2 ) -s- a 6 — 0. 

KO 

3rd. Put 3pfc x = 6 = 36f, or pf = 6f — c|, or ^ — 6 X -*- c 2 , in 
( W) and reduce, then 

*° =ft(£|Fffi) - 6f(aci Ci -6f) 3 [^ - 6 ^ - »ff] > 

WhenCG X = 6l(ac 6 Cl _ 6 6 ) [( C 2 2 -- & H)( aC l -6f) 2 ]*- 

Put cp — 6fd= w 3 (ac| — of), or d — [c* 2 — ra 3 (ac| — of)] -*• of, 
then 

c 2 -^ j <i 1 010 ? 1 o « . ci 2 — n 3 (ac§ — o?) /b?n+ci\ 3 

x — -?—, and az z 4-5b z x 2 4-3c§x-j— 2 r V-^ — -^j 2 • 

b 1 x of \ b t I 

c 2 n j » - to » , o k 1 ° 12 — « 3 (ac 6 — 6 6 ) /6 2 n+c*\3 
. • . x z=-=— renders ax d -f-3b s x z -{-6c b x-f- ^g ' — I — =-!— 1 

(£"') 

Cor. Put 6 2 n + c 4 = 0, or n = — c 4 -=- 6 2 , in (-D'") and reduce, then 
x = — c 6 -^-6 3 renders az 3 + 36 3 a; 2 + 3c 6 a; + ac 18 -J-6 9 = 0. . . . (d"') 



